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X METHOD OF DESCRIBING MISS DISTANCES FOR LUNAR 
AND IIlTEW LAIJETARY TRAJECTORIES -2 

W. K i z n e r  

J e t  P ropu l s ion  Labora to ry  

Pzsadena, C a l i f o r n i a  

ABSTRACT 

Miss d i s t a n c e s  f o r  l u n a r  and i n t e r p l a n e t a r y  t r a j e c t a r i e s  can  be 

d e s c r i b e d  by s p e c i f y i n g  t w o  components of t h e  impact  pa rame te r ,  which 

is t r e a t e d  a s  a v e c t o r .  T h i s  i s  ana logous  t o  t h e  u s e  of range and 

a'zimuth ( o r  c r o s s  range)  i n  s p e c i f y i n g  t h e  impact  p o i n t  f o r  terres- 

. t r i a l  t a r g e t s .  The r e s u l t i n g  c o o r d i n a t e s  a r e  v e r y  n e a r l y  l i n e a r  

f u n c t i o n s  of t h e  v a r i a b l e s  of t h e  t r a j e c t o r y  n e a r  t h e  e a r t h , . e x c e p t  

i n  c a s e s  where t h e  t r a j e c t o r y  i s  of  t h e  minimum-energy t y p e ,  such  as a 

Hohmann o r b i t .  A p p l i r a t i o n s  a r e  g iven  t o  t h e  t h e o r y  of guidance  and 

t o  a method f o r  a u t o m a t i c a l l y  s e a r c h i n g  f o r  a t r a j e c t o r y  which h i t s  

o r  r n i C z e 3  t h e  t a r g e t  i n  a s p e c i f i e d  manner. 
- -- -- _ -  ~ ..- -_ -- - 

' .This  p.;per p r e s e n t s  the  r e s u l t s  o f  one phase of r e s e a r c h  
c a r r i e d  o u t  a t  t h e  J e t  P ropu l s ion  Labora to ry ,  C a l i f o r n i a  I n s t i t u t e  
of Technology, unde r  Contrr;c'; No. NASw-6, s p o m o r e d  by t h e  1Ja t iona l  
A e r o n a u t i c s  a m i  Space Adminis t ra t ion .  
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I. I!JTRODUCTION 

I n  t r e a t i n g  t h e  e r r o r s  of a v e h i c l e  t r a j e c t o r y  which i s  i n t e n d e d  

t o  h i t  a t a r g e t ,  such a s  Venus,or s p o i n t  on t h e  s u r f a c e  o f  t h e  e a r t h ,  

it i s  conven ien t  t o  c o n s t r u c t  s system of d i f f e r e n t i a l  c o r r e c t i o n s ,  

The d i f  f e r e n t i a 1  c o r r e c t i o n s  a r e  p a r t i a l  d e r i v a t i v e s  of  some measure 

of t h e  miss d i s t o j i c 2  w i t h  r e s p e c t  t o  t h e  c o o r d i n a t e s  a t  t h e  burnout  

or i n j e c t i o n  p o i n t ,  and t h e y  a r e  p < i r t i c u l a r l y  i m p o r t a n t  i n  t h e  t h e o r y  

c ~ n d  d e s i g n  of guid,;nce systems.  

If t h e  t a r g e t  i s  a p o i n t  on t h e  s u r f a c e  of  t h e  e a r t h ,  a s a t i s -  

foJCtory measure of  miss d i s t a n c e  i s  r ange  dnd azimuth error. A 

t y p i c a l  d i f f e r e n t i a l  c o r r e c t i o n ,  t h e n ,  would be  t h e  p a r t i a l  d e r i v a t i v e  

of r ~ n g e  e r r o r  w i t h  r e s p e c t  t o  speed a t  burnout .  

For  ;I "massy" p o i n t  i n  space,  however, Some o t h e r  medsure of miss 

d i s t a n c e  must be used. The seemingly obvious t h i n g  t o  do i s  t o  use 

tohe miss d i s t a n c e  i t s e l f ,  i .e . ,  t h s  d i s t a n c e  of c l o s e s t  approach of 

t h e  v e h i c l e  t o  t h e  c e n t e r  of t h e  t a r g e t .  However i f  d i f f e r e n t i a l  

c o r r 2 c t i o n s  a r e  t o  be used  [o r  guidance  o r  t r a j e c t o r y  d e s i g n  purposes ,  

t h e n  t h e  u s e  of t h i s  miss d i s t a n c e  has  c e r t a i n  drawbacks. I n  p a r t i c u -  

I n ,  f o r  t r a j e c t o r i e s  which pass  c l o s e  t o  t h e  c e n t e r  of t h e  t a r g e t ,  

t h e  miss d i s t a n c e  i s  a q u a d r a t i c  f u n c t i o n  of  t h e  i n i t i a l  cond:tions. 

Thus t h e  v . , r i a t ion  of  miss d i s t a n c e  v e r s u s  any o f  t h e  i n i t i a l  c o o r d i -  

n.ites i s  ze ro  f o r  ;c d i r e c t  h i t t i n g  t r a j e c t o r y .  Another  drawback i n  

u s i r y  t h e  miss d i s t a n c e  i s  t h a t  t h e  d i r e c t i o n  of t h e  p a t h  near  t h e  

t . i r g e t  i s  no t  g iven .  For  n t e r r e s t r i a l  t a r g e t  t h i s  co r re sponds  t o  .in 

u n c ~ r t ~ i i n t y  i n  how nclch o f  t h e  miss i s  r J * * -  u ~ e  t o  a n  e r r o r  j n  range,  and 

how mrich t o  . i n  e r r o r  i r l  a z i c u t h .  
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A s o l u t i o n  t o  t h e  problem o f  s p e c i f y i n g  t h e  miss d i s t a n c e  i s  ob- 

t a i n e d  by making use  of  t h e  parameters  of  t h e  hyperbola  n e a r  t h e  t a r -  

g e t .  Componeqts of t h e  impact pa rame te r ,  d e f i n e d  a s  i n  s c a t t e r i n g  

t h e o r y  i n  a tomic p h y s i c s  b u t  t r e a t e d  a s  a v e c t o r ,  a r e  used  t o  provide 

two q u a n t i t i e s  which e l i m i n a t e  t h e  n o n l i n e a r i t i e s  caused  by t h e  

g i d v i t d t i o n a l  f i e l d  of t h e  t a r g e t ,  and s p e c i f y  t h e  d i r e c t i o n  of t h e  

miss. 

The g e n e r a l  problem of  how many independent  v a r i a b l e s  a r e  observ-  

a b l e  nea r  t h e  t a r g e t  i s  i n v e s t i g a t e d .  T h i s  l e a d s  t o  a d i s c u s s i o n  of 

gu idance  equa t ions .  

11. A MEASURE OF MXSS DISTANCE 

The s p e c i f i c a t i o n  o f  miss d i s t a n c e  t h a t  i s  used  i s  based on t h e  
4 

impact  parameter ,  B, which i s  computed f rom t h e  o s c u l a t i n g  c o n i c  

( s e e  Appendix). 

d i s t a n c e  from t h e  t a r g e t  i s  reached ,  t h e  d i s t a n c e  b e i n g  de termined  by 

t h e  p o i n t  where a con ic  approximation f o r  t h e  remainder  of t h e  

t r a j e c t o r y  i s  s u f f i c i e n t l y  a c c u r a t e ,  o r  when c l o s e s t  approach is 

a t t a i n e d ,  whichever o c c u r s  f i r s t .  T h i s  i s  f u r t h e r  d i s c u s s e d  in t h e  

Appendix. B ,  t h e  p o s i t i o n  vec to r  i n  t h e  p l a n e  o f  t h e  t r a j e c t o r y  

o r i g i n a t i n g  a t  t h e  c e n t e r  o f  g r a v i t y  o f  t h e  t a r g e t  and d i r e c t e d  per -  

p e n d i c u l a r l y  t o  t h e  incoming asymptote of  t h e  hyperbola  (see F ig .  l), 

i s  approximate ly  t h e  v e c t o r  miss which would occur  i f  t h e  t a r g e t  had 

no mass. 

The e l emen t s  of t h e  c o n i c  a re  computed when a f i x e d  

4 

I n  c o n s t r u c t i n g  a systen; of  d i f f e r e n t i a l  c a r r e c t i o n s ,  a l l  t h r e e  
a 

components o f  B cannot. be used because t h e y  a r e  n o t  independent .  

Since t h e  asymptote  of  t h e  hyperbola  i s  approximate ly  f i x e d  i n  

Page 3 
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d i r e c t i o n  ( f o r  i n t e r p l a n e t a r y  t r a j e c t o r i e s  i t  v a r i e s  less t h a n  0.01 

c’eg f o r  expec ted  changes i n  i n i t i d l  c o n d i t i o n s ) ,  t h e  components of B 

m u s t  s a t i s f y  t h e  r e l a t i o n  t h a t  B i s  o r t h o g o n a l  t o  t h e  asymptote .  

a 

4 

4 

To account  f o r  t h i s ,  two components of B ,  which a r e  ana logous  t o  

t h o  two q u a n t i t i e s  u;ed t o  d e s c r i b e  t h e  miss f o r  a t e r r e s t r i a l  t a r g e t ,  

;re used .  

a u n i t  v e c t o r  i n  t h e  d i r e c t i o n  of t h e  incoming asymptote ,  T be a u n i t  

A s e t  of o r t h o g o n a l  u n i t  v e c t o r s  is computed. Let F b e  
4 

-c 

v e c t o r  per r ,endicu lar  t o  S t h a t  l i e s  i n  a 

e q u a t o r i a l  p l a n e ,  and R be a u n i t  vector 
4 

- m a  
R = S X ?  

f i x e d  p l a n e  such a s  t h e  

t o  form a r igh t -handed  system. 

4 

S i n c e  B i c ,  p e r p e n d i c u l a r  t o  5, it l i e s  i n  t h e  p l a n e  de te rmined  by R 

anti T. The v a r i a b l e s  which a r e  used  a r e  t h e  p r o j e c t i o n s  of B on T and 

on R ,  i . e . ,  B O T  and B * R .  The complete s e t  of  fo rmulas  f o r  computing 

4 4 -c 

4 4 4  44 

t h e  v e c t o r s  i s  g iven  i n  t h e  Appendix. 

The r c l a t i o n  between tile miss d i s l a n c e  and w i l l  now be shovn. 

I f  a p a r t . i c u l a r  va lue  of t h e  d i s t a n c e  of  c l o s e s t  approach  i s  d e s i r e d ,  

t h e  magnitude of  B c a n  be computed from t h e  f o l l o w i n g  r e l a t i o n s  con- 
4 

c e r n i n g  t h e  parctmeters o f  t h e  hyperbola .  I n  r e c t a n g u l a r  c o o r d i n a t e s  

( x  - C ) *  y* 
(2) - - -  - 1  

a 2 b2 

where a i s  t h e  semimajor a x i s ,  

c =  Ja2+b2 
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a i s  e s s e n t i a l l y  determinerJ by t h e  l aunch  time and t h e  time o f  f l i g h t , '  

hence i t  c a n  be de te rmined  from a t r a j e c t o r y  which (!oes n o t  have t h e  

d e s i r e d  miss d i s t a n c e .  S ince  t h e  miss d i s t a n c e  i s  c - a ,  b c a n  be 

determined.  For i n t e r p l a n e t a r y  t r a j e c t o r i e s ,  a can  be n e g l e c t e d  i n  

comparison t o  b f o r  l a r g e  miss d i s t a n c e s ,  such a s  f i f t y  t a r g e t  dliametex 

so t h a t  t h e  miss d i s t a n c e  i s  t h e n  approx ima te ly  equa l  t o  b. By t h e  
4 - 4  -- 

components of B, o r  B O T  and B - R ,  t h e  d i r e c t i o n  of  t he  miss i s  de te rmine  

These r e l a t i o n s  a r e  shown i n  F ig .  2. The l i n e  OP r e p r e s e n t s  t h e  

p a t h  d i r e c t e d  a t  t h e  c e n t e r  of t h e  t a r g e t .  T h i s  l i n e  a l s o  r e p r e s e n t s  

t h e  asymptote of t h e  o s c u l a t i n g  c o n i c ,  which i s  ve ry  n e a r l y  parallel 

t o  t h e  asymptotes  of  o t h e r  c o n i c s  which i n t e r s e c t  t h e  s u r f a c e  o f  t h e  

t a r g e t .  

t h e  impact parameter  i s  along t h e  7 axis. 
Cons ide r  now t h e  c a s e s  where t h e  impact  i s  no t  v e r t i c a l  and 

S i n c e  t h e  p l a n e  of t h e  

t r a j e c t o r y  c o n t a i n s  t h e  o r i g i n a l  5 v e c t o r  t h e  locus  o f  t h e  impact  

p o i n t s  on t h e  s u r f a c e  o f  t h e  t a r g e t  must be  a g r e a t  c i r c l e .  T h i s  i s  

t r u e  whenever t h e  d i r e c t i o n  of  $ i s  h e l d  f i x e d  and t h e  magnitude i s  
, 

v a r i e d .  It c a n  a l s o  be seen t h a t  t h e  a n g l e  between such g r e a t  c i rc les  

a t  P i s  t h e  same a s  t h e  ang le  between t h e  co r re spond ing  B v e c t o r s .  

The O r i e n t a t i o n  of t h e  asymptote  h a s  been i n v e s t i g a t e d  for many 

d i f f e i e n t  k i n d s  of t r a j e c t o r i e s .  

o r i e n t a t i o n  occur  i n  l u n a r  t r a j e c t o r i e s ,  b u t  even  h e r e  t h e  d i r e c t i o n  

i s  f i x e d  t o  w i t h i n  a f r a c t i o n  of a d e g r e e  f o r  expec ted  v a r i a t i o n s  i n  

i n i t i a l  c o n d i t i o n s .  

The g r e a t e s t  v a r i a t i o n s  i n  t h e  

Page 5 
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111. APPLICATIONS TO HOMING 

I n  s e a r c h i n g  f o r  t r a j e c t o r i e s  which miss t h e  t a r g e t  i n  a s p e c i -  

f i e d  manner one o f t e n  h a s  approximate v a l u e s  of  t h e  pa rame te r s  t h a t  

de t e rmine  t h e  powered f l i g h t ,  or t h e  v a l u e s  of t h e  c o o r d i n a t e s  a t  t h e  

end of  t h e  powered f l i g h t .  B e t t e r  e s t i m a t e s  of t h e  i n i t i a l  c o n d i t i o n s  

a r e  needed t o  i n s u r e - a  s p e c i f i e d  miss d i s t a n c e .  The method used i n  

accompl ish ing  t h i s  i s  c a l l e d  homing. 

The homirlg method proceeds hy computing a r e f e r e n c e  t r a j e c t o r y  

based on t h e  o r i g i n a l  e s t i m a t e  of t h e  i n i t i a l  c o n d i t i o n s ,  and t h e n  

computing two t r a j e c t o r i e s  where each  one of  two i n i t i a l  c o o r d i n a t e s  

o r  pa rame te r s  i s  v a r i e d  wh i l e  t h e  o t h e r  i s  kep t  f i x e d .  By observing 

t h e  r e s u l t i n g  changes i n  B O T  and B * R  due  t o  s m a l l  chaiiges i n  t h e  i n p u t  
-- -4  

c o n d i t i o n s ,  new imput c o n d i t i o n s  c3n be o b t a i n e d  by a l i n e a r  i n t e r -  

p o l a t i o n  scheme. I f  n o n l i n e a r i t i e s  a r e  suspec ted ,  t h e n  t h e  s ize  of 

t h e  inc remen t s  t o  t h e  i n i t i a l  v a r i a b l e s  c a n  be monitored so t h a t  t h e y  

do not exceed v a l u e s  for which t h e  l i n e a r  i n t e r p o l a t i o n  method 

succeeds .  

homing method for two Venus t r a j e c t o r i e s .  The time of  launch and the 

f i r i n g  a n g l e  were v a r i e d  he re .  

Tab le  1 shows t h e  numb2r of i t e r a t i o n s  r e q u i r e d  by t h e  
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Table  1. Example of  the’Homing Method f o r  Two Venus T r a j e c t o r i e s  
- 

Parameter  
~- 

Time of F l i g h t ,  days  

P e r i h e l i o n  Di s t ance ,  km 

Dis tance  t o  Venus 
from t h e  Sun, km 

Miss 
D i s t a n c e ,  

km 

T r i d l  1 
T r i a l  2 
T r i a l  3 
T r i a l  4 
T r i a l  5 

T r a j e c t o r y  A 

107 

1.02 x 108 

1.08 x 108 

3.1 x 106 

1.4 103 

9.6 x 10; 
2 .8  x 10 

0.13 

- ~~~~ 

T r a j e c t o r y  B 
- 

96 

9.5 x 107 

1.08 x .lo8 

1.6 x lo6 
5.0 104 

3.2 

I n  t h e  Table  t h e  p e r i h e l i o n  d i s t a n c e  i s  t h e  minimum d i s t a n c e  t o  

t h e  sun of t h e  t r a n s f e r  e l l i p s e .  It c a n  be s e e n  t h a t  i n  T r a j e c t o r y  B, 

where t h e  p e r i h e l i o n  d i s t a n c e  i s  s m a l l e r ,  t h e  number of t r i a l s  re- 

q u i r e d  i s  less .  Whenever the  p e r i h e l i o n  d i s t a n c e  of t h e  t r a n s f e r  

c o n i c  i s  n e a r l y  equa l  t o  t h e  d i s t a n c e  o f  Venus from t h e  s u n  t h e n  t h e  

d i f f e r e n t i a l  c o r r e c t i o n s  become n o n l i n e a r  and more i t e r a t i o n s  a r e  

r e q u i r e d  i n  homing. 

The k ind  of l u n a r  t r a j e c t o r i e s  f o r  which t h e  homing method h a s  

been used i s  n o t  t h e  minimum-energy type .  

i t e r a t i o n s  have b?en r e q u i r e d  t o  ach ieve  t h e  c o r r e c t  miss d i s t a n c e .  

G e n e r a l l y  o n l y  one o r  two 

An i n t e r e s t i n g  c a s e  occurred  i n  homing on a Mars t r a j e c t o r y  when 

a mis t ake  was made i n  t h e  i n p u t  c o n d i t i o n s  and t h e  r i g h t  a s c e n s i o n  was 

i n  e r r o r  by 180 deg. 

va ry ing  t h e  i n i t i a l  c q n d i t i o n s  such t h a t  a s a t i s f a c t o r y  miss d i s t a n c e  

cou ld  be a t t a i n e d .  

Neve r the l e s s ,  t h e  homing method succeeded i n  

Page 7 
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IV. DEGREES OF FREEDOM 

I n  o r d e r  t o  g e n e r a l i z e  t h e  i d e a s  abou t  miss d i s t a n c e  and t o  i n -  

t r o j u c e  problems i n  guidance t h e  f o l l o w i n g  q u e s t i o n  w i l l  be t r e a t e d :  

G i v e a  a launching  l o c a t i o n  on the  e a r t h ’ s  s u r f a c e ,  a v e h i c l e  conf igu -  

r a t i o n ,  and a range of f i r i n g  times ( l i m i t e d  by t h e  r o t a t i m  of the  

e a r t h ) ,  what i s  t h e  minimum number of q u a n t i t i e s  t h a t  c a n  be s p e c i f i e d  

conce rn ing  the  t r a j e c t o r y  n e a r  t h e  t a r g e t  i n  o r d e r  t h a t  t h e  t r a j e c t o r y  

s h a l l  be comple te ly  determined? 

connec ted  w i t h  t h e  format ion  of  gu idance  e q u a t i o n s ,  which must e n s u r e  

t h a t  a l l  or some of t h e s e  q u a n t i t i e s  neal- t h e  t a r g e t  a t t a i n  p r e s c r i b e d  

va lues .  

The answer t o  t h i s  q u e s t i o n  is’ 

If t h e  t r a j e c t o r y  were n o t  c o n s t r a i n e d  t o  o r i g i n a t e  f rom a cer- 

t a i n  r e g i o n  a t  t h e  e a r t h  and s t a r t  d u r i n g  a g i v e n  time i n t e r v a l ,  t h e r e  

would be s i x  q u a n t i t i e s  t h a t  c9uLd be s p e c i f i e d  about  t h e  t r a j e c t o r y  

n e a r  t h e  t a r g e t  cor responding  t o  t h e  s i x  deg rees  of f reedom of the 

v e h i c l e .  With t h e  c o n s t r a i n t s  imposed by t h e  launching  c o n d i t i o n s  

t h e r e  a r e  o n l y  t h r e e  deg rees  of freedom. 

examining many l u n a r  t r a j e c t o r i e s  and f i n d i n g  t h e  subspace  which con- 

t a i n s  t h e  p o i n t s  of  t h e  a l lowab le  t r a j e c t o r i e s .  

This was d i s c o v e r e d  by 

The r e a s o n  f o r  t h e  l o s s  of h a l f  o f  t h e  d e g r e e s  o f  freedom c a n  be 

found by c o n s i d e r i n g  an  i n t e r p l a n e t a r y  t r a j e c t o r y ,  such  a s  one which 

approaches  Mars. I n s t e a d  of  c o n s i d e r i n g  t h e  a c t u a l  t r a j e c t o r y ,  con- 

s i d e r  an e q u i v a l e n t  t r a j e c t o r y  where t h e  p a t h  i n  t h e  sun’s r e g i o n  of 

i n f l u e n c e  i s  t h e  same, b u t  where t h e  p a t h  n e a r  t h e  e a r t h  i s  r e p l a c e d  

by a f i c t i t i o u s  pa th  where t h e  v e h i c l e  h a s  an i n i t i a l  v e l o c i t y  n e a r  

t h e  e a r t h  and t h e  e a r t h  i s  assumed t o  have no e f f e c t  on t h e  v e h i c l e .  
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I n  o t h e r  words t h e  p a t h  nea r  t h e  e F r t h  i s  approximsted by t h e  asymp- 

t o t e  t o  t h e  o r i g i n a l  e scape  hyperbola .  Tnp f a m i l y  o f  asymptotes  which 

r e p r e s e n t  t h e  c l a s s  of t r a j e c t o r i e s  approaching  Mars t h e n  seems t o  

o r i g i n a t e  f rom a sma l l  r eg ion ,  w i t h i n  an  o r d e r  of  magnitude of the 

s i z e  of Ea r th .  S i n c e  t h i s  s i z e  i s  i n s i g n i f i c a n t  compared t o  t h e  

d i s t a n c e s  invo lved ,  t h e  e q u i v a l e n t  t r a j e c t o r i e s  may be t h o u g h t . o f  as 

o r i g i n a t i n g  from a p o i n t  source .  There a r e  t h r e e  v e l o c i t y  components 

t h a t  can  be v a r i e d .  Th i s  cor responds  t o  t h e  t h r e e  d e g r e e s  o f  freedom 

n e a r  t h e  t a r g e t .  

The e s s e n t i a l  p a r t  o f  t h e  proof i s  t h a t  t h e  t r a j e c t o r i e s  seem t o  

o r i g i n a t e  f rcm a p o i n t  source.  A s i m p l i f i e d  v e r s i o n  of t h e  problem 

may be  cons ide red  i n  which a l l  g r a v i t a t i o n a l  f i e l d s  a r e  neg lec t ed .  

T r a j e c t o r i e s  t h e n  a r e  s t r a i g h t  - l i n e s  which o r i g i n a t e  i n  one r e g i o n  

i n  space  and a r e  d i r e c t e d  towards a t a r g e t  p o i n t .  It c a n  e a s i l y  be 

proved t h a t  a s  t h e  d i s t a n c e  between t h e  t a r g e t  and t h e  r e g i o n  of or ig in  

i s  i n c r e a s e d ,  o n l y  t h r e e  numbers a r e  n e c e s s a r y  t o  s p e c i f y  t h e  t r a -  

j e c t o r y  n e a r  t h e  t z r g e t .  
e- -- 

Two c o o r d i n a t e s ,  B O T  and B*R have been d e s c r i b e d ;  i t  remains t o  

choose a t h i r d  coord:?ate .  

t h i r d  c o o r d i n a t e  s i n c e  t h i s  i s  o f t e n  of d i r e c t  i n t e r e s t .  Fqr a 

The time of f l i g h t  h a s  been used a s  t h e  

mis s ion  such a s  a s o f t  l anding  on t h e  moon t h e  v i s  viva1 o r  t o t a l  

ene rgy  n e a r  t h e  t a r g e t  might be chosen ,  s i n c e  t h e  v e l o c i t y  a t  t h e  

s u r f a c e  of  t h e  t a r g e t  i s  t h e n . r e a d i l y  a v a i l a b l e .  The -- vis viva  and a l s o  

t h e  semimajor a x i s  a a re  more l i n e a r  f u n c t h n s  t h a n  t h e  time of f l i g h t ,  

and t h e r e f o r e  e i t h e r  one i s  an e x c e l l e n t  c h o i c e  for a t h i r d  v a r i a b l e .  

'Moulton, F.  R . ,  An I n t r o d u c t i o n  t o  C e l e s t i a l  Mechanics (2nd - 
E d i t i o n ) .  The Macmilian Company, New York, 1914. 
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I f  t h i s  p a r t i c u l a r  c o o r d i n a t e  system i s  l i n e a r  with r e s p e c t  t o  

i n i t i a l  c o o r d i n a t e  changes f o r  a g i v e n  mis s ion ,  t h e n  s i n c e  t h e  system 

i s  complete  (or h s s  t h e  maximum number of d imens ions )  any o t h e r  

system of c o o r d i n a t e s  which is l i n e a r  must be a l i n e a r  t r a n s f o r m a t i o n  

of  t h i s  system. 

p r o p e r t y ,  t h e  g iven  c o o r d i n a t e  system c a n  be used  a s  a b a s i s  f o r  any 

o t h e r  sys tem which i s  more convenient .  

Thus f o r  miss ions  which p o s s e s s  t h e  l i n e a r i t y  

V. GUIDANCE EQUATIONS 

Having d i s c u s s e d  t h e  meaning o f  t h e  se t  o f  c o o r d i n a t e s ,  t h e i r  

d i f f e r e n t i a l  c o r r e c t i o n s  w i l l  now be d i s c u s s e d .  It w i l l  be shown 

t h a t  d i f f e r e n t i a l  c o r r e c t i o n s  c a n  l e a d  t o  guidance  e q i a t i o n s .  I n  

p a r t i c u l a r  t h e  u s e  o f  a s e t  of c o o r d i n a t e s  which i s  f a i r l y  l i n e a r  

p r o v i d e s  some i n s i g h t  a s  t o  what form t h e  guidance  e q u a t i o n s  may t a k e .  

A method of  a n a l y z i n g  guidance e q u a t i o n s  i s  t o  t h i n k  of the 

L e t  Q i  e q u a t i o n s  a s  p r e d i c t i n g  t h e  c o o r d i n a t e s  n e a r  t h e  t a r g e t .  

( i  = 1, 2, and 3 )  be t h e  c o o r d i n a t e s  n e a r  t h e  t a r g e t ,  and q j  

(j = 1, 2, . . 6)  be t h e  c o o r d i n a t e s  i n  t h e  r e g i o n  where t h e  v e h i c l e  

i s  b e i n g  guided.  

be used .  

For s i m p l i c i t y  assume t h a t  o n l y  l i n e a r  terms need 

Then t h e  guidance  e q u a t i o n s  a r e  

6 

; q j  i = 1, 2, 3 - aQi  
L - ' d q i  

b Q i  - ( 5 )  

The v a r i a t i o n s  b q  

va lue .  

r e f e r  t o  i n s t a n t a n e o u s  v a r i a t i o n s  from t h e  s t a n d a r d  
j 

By s t e e r i n g  t h e  v e h i c l e  or by s h u t t i n g  t h e  motor off a t  a 

nons tandard  t ime  t h e  aQi can  be n u l l e d .  

quid!c?nce e q u a t i o n s  i n c o r p o r a t e  t h e  d i f f e r e n t i a l  c o r r e c t i o n s .  

It should  be noted  t h a t  t h e  
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Not a l l  o f  t h e s e  equa t ions  need be used .  For i n s t a n c e  i f  t h e  

time of f l i g h t  need n o t  be  c o n t r o l l e d  t h e n  one e q u a t i o n  i s  e l i m i n a t e d .  

I f  t h e  s t a n d a r d  p o i n t  of  c losest  approach  t o  t h e  t a r g e t  i s  f a r  r e r o v e d  

from t h e  center of t h e  t a r g e t  i t  may be f e a s i b l e  t o  e l i m i n a t e  a n o t h e r  

c o n s t r a i n t  and t o  g u i d e  along t h e  d i r e c t i o n  from t h e  s t a n d a r d  miss 

d i s t a n c e  t o  t h e  c e n t e r  of the  t a r g e t  and t o  d i s r e g a r d  errors i n  t h e  

p e r p e n d i c u l a r  d i r e c t i o n .  A u s e f u l  se t  o f  v a r i a b l e s  t o  u s e  t o  d e s c r i b e  

errors i n  t h e  guided p o r t i o n  of t h e  t r a j e c t o r y  are: 

R = t h e  d i s t a n c e  from t h e  c e n t e r  of t h e  e a r t h  (o r  o t h e r  body) 

V = speed  

0 = a n g l e  between t h e  s t anda rd  p e r i g e e  d i r e c t i o n  and t h e  r a d i u s  

v e c t o r  t o  t h e  v e h i c l e  

Z = cross  r ange  (which i s  z e r o  on t h e  s t a n d a r d  p a t h )  

Z = c r o s s  r ange  r a t e  

r = p a t h  a n g l e  measured w i t h  r e s p e c t  t o  t h e  l o c a l  h o r i z o n t a l  

I n  t h i s  set of v a r i a b l e s  a change i n  0 i s  e q u i v a l e n t  t o  a change 

8 

i n  t h e  ground range. 

l u n a r  t r a j e c t o r i e s  a r e  i l l u s t r a t e d  i n  Fig. 3. Here t h e  v a l u e s  of t h e  

The e f f e c t s  of changes  i n  t h e s e  v a r i a b l e s  for  

c o o r d i n a t e '  d e v i a t i o n s  f o r  t h e  i n i t i a l  c o o r d i n a t e s  were chosen  so t h a t  

lgl i s  e q u a l  t o  a thousand k;lometers. The t r a j e c t o r i e s  c h o i e n  a l l  

have t h e  a n g l e  between t h e  c . r . > i t a l  p l a n e  n e a r  t h e  e a r t h  i n c l i n e d  by 

an ang le  o f  30 deg t o  t h e  plane of t h e  moon, and have a n  a n g l e  of 

10 deg between t h e  p o i n t  of  i n j e c t i o n  and p e r i g e e .  

v a l u e s  of t h e  v i s  v iva  n e a r  t h e  e a r t h ,  C3E, were used.  

It  c a n  be seen  t h a t  i n  the  t h r e e  c a s e s  shown, and i n  p r a c t i c a l l y  

Three d i f f e r e n t  

a l l  t h e  c a s e s  t h a t  have been computed which r e p e s e n t  a l l  r e a s o n a b l e  
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l u n a r  t r a j e c t o r i e s ,  t h a t  the c o o r d i n a t e s  R and V, 0 and l”, 2 and 2 

can  be p a i r e d  i n s o f a r  a s  t h e  e f f e c t s  o f  t h e  miss n e a r  t h e  moon are 

concerned.  For  example an e r r o r  i n  ground range  8 can be compensated 

f o r  by a change i n  p a t h  a n g l e  r .  
t h a t  t h e  e f f e c t  of a change i n  2 is o p p o s i t e  t o  t h a t  produced by a 

change i n  2. 

Another f e a t u r e  which emerges is 

Hence a scheme t o  c a n c e l  t h e  e f f e c t s  of  one by in t ro-  

duc ing  a change i n  t h e  o t h e r  is u n s t a b l e  from t h e  p o i n t  of view of 

i n c u r r i n g  l a r g e  d e v i a t i o n s  from t h e  s t a n d a r d  f l i g h t  pa th .  

I n  F ig .  4 a s i m i l a r  p l o t  i s  shown f o r  a Mars t r a j e c t o r y .  It 

shows a s i m i l a r i t y  t o  a f a s t  l u n d r  t r a j e c t o r y .  

VI CONCLUSIONS 

-e -- 
It h a s  been shown t h a t  t h e  v a r i a b l e s  B-T and B*R can  s e r v e  a s  a 

measure of  miss d i s t a n c e  which removes t h e  n o n l i n e a r i t y  caused  by t h e  

a t t r a c t i o n  of  t h e  t a r g e t .  The v a r i a b l e s  a r e  a f u n c t i o n  of t h e  

o s c u l a t i n g  c o n i c  n e a r  t h e  t a r g e t  and a s  such  c a n  be e x a c t l y  computed 

f o r  any l u n a r  o r  i n t e r p l a n e t a r y  t r a j e c t o r y .  

third v a r i a b l e ,  such  a s  t h e  time of f l i g h t ,  t h e  set of  v a r i a b l e s  

n e a r  t h e  t a r g e t  i s  complete .  

m~eh t h e  same manner 35 range and az imuth  e r r o r  i n  ana lyz ing .  

t e r r e s t r i a l  t r a j e c t o r i e s .  

Viith t h e  a d d i t i o n  of a 

The set  of v a r i a b l e s  can  be used  in 
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Fig.  1. Geometry Near Target 

c 

Fig .  2. Location of Impact Points 
on the Surface qf the Target 
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APPENDIX: THE CALCULATION OF ELEMENTS OF TIfE OSCULATING 
CONIC NEAR THE TARGET 

The point at which the osculating conic near the target is 

computed will depend on whether the method of integration is direct 

(such as Cowell's method) or based on a variational scheme (for 

instance Encke's method), For 3 direct method the accuracy of the 

computation decreases when the path is near the attracting center, 

so that it may be advantageous to compute the elements of the conic 

when the vehicle has not yet reached the point of closest approach. 

For lunar trajectories it was found that a good point to compute the 
conic is when the probe i s  about three lunar diameters from the center 

of the moon. 

approach, whichever occurs first, the path angle I' is computed. It 

is assumed that the rectangular coordinates (X, Y ,  2, i ,  I, 2) of the 
relative motion of the vehicle to the center of mass are available. 

So that at this point or at the point of closest 

x j , + Y i ' + Z i  sin I'= 
RV 

The angular momentum, 

c1 = RV cos r 

The vis viva, 

2 x M  c g = v  - -  R 
where G is the universal gravitational constant and M is the mass 

of the target. 
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The eccentricity, 

The Semilatus rectum, 

The polar angle or true anamoly 

r = o , e = o  
The specification of the orientation of the conic can be done 

!y means of unit vectors i n  the direction of the lower apsis, 7 , the 
normal to the orbital planer, and 

An auxiliary vector % is found by 
4 

R M = C  X -  R 

Page 1'7 
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Then 
4 

4 7 = - R COS e - M s i n  e 
R - 

4 

7 = 8 s i n  e +ii cos 0 R 

The fol lowing formulas hold on ly  i f  the conic i s  a hyperbola: 

P b =  - .  

The semimajor a x i s  

The u n i t  vector i n  the  d i r e c t i o n  of  the  asymptote is given by 

A l s o  

- - 

- 
TY - 
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and 

The reader may prefer t o  define '?I by 

instead, to make a positive correspond to what is normally 

considered up with  respect to t h e  equatorial o r  ecliptic planes. 

Also a d i r e c t  (as opposed t o  a retrograde) 

a positive 7. 
path corresponds t o  

. ... * 


